Abstract. We propose the conformon as a quantum of conformational change for energy transfer in α−helical proteins. The underlying mechanism of interaction between the quantum of excitation and the conformational degrees of freedom is nonlinear and leads to solitary wave packets of conformational energy. The phenomenon is specific to α−helices and not to β−sheets in proteins due to the three strands of hydrogen bonds constituting the α−helical backbone.
Introduction
Flexibility of biopolymers is the feature giving rise to some of their remarkable properties [1] . Even minute conformational changes can modify long-range electronic interactions in peptides, remove steric hindrances and open pathways for molecular motions provided proteins are not rigid [2] . In particular, the geometric structure of bacterial light-harvesting complexes which transform light energy into charge separation is also flexible and thus conformational change plays an important role in photosynthesis [3] expressed in the attachment of the bacteriochlorophyll molecules to two α−helices [4] . The ubiquitous α−helical portions of the secondary structure of proteins have been proposed as a conduit for coherent energy transfer due to the interchain hydrogen bonded network (extrinsic to the biopolymer) which stabilizes their structure and forms a path along the α−helix [5] . Here we address the existence of a nonlinear quantum mechanism of charge and energy transport due to excitation (electron or proton) curvature interactions along the hydrogen bonded lattice of α−helical proteins.
The importance of such a model for describing the conformational dynamics of proteins can be justified in the notion of a conformon, a concept hypothesized by various authors [6, 7, 8, 9] to play an important role in biology and was originally envisioned as a mechanism of quantum transport of the energy (≈ 0.5eV) released in the hydrolysis of the ATP molecule, an amount insufficient to excite the electronic structure. In this paper we propose a physical definition of the conformon as a nonlinear mechanism of exchange of energy and coherence between the quantum of excitation and the conformational degrees of freedom of the α−helix which due to the presence of the excitations are quantized themselves. Thus by pointing the inner workings of the conformon we attempt at a resolution of the ambiguity in its definition and understand it as a quantum of conformation. Previous authors have defined it in various ways, in particular as i.) an energy packet associated with a conformational strain, which is localized in a region much shorter than the length of the molecule; ii.) an electron plus conformational change or iii.) a generalization of the polaron.
Building the intuition of the reader we start the description of the conformational dynamics of biopolymers with their representation as thin rods. In the Kirchhoff model of an inextensible rod, conformational dynamics in terms of curvature allows for solitary waves for certain special cross-section asymmetries of the rod [10] . Applying this to the problem of electron transport, it can be shown that the quantum potential due to geometry [11] leads to localized states as the energy density in the polymer is proportional to the curvature squared. This is essentially because the rod's curvature and torsion "interact" with the excitation by inducing a potential well, which traps it, in addition to creating a nonlinearity in its Schrödinger equation. While this scenario is indeed somewhat analogous to the polaron (a localized electronic bound state in a discrete lattice, which is not perfectly periodic) the origins of the two mechanisms are quite distinct, with the curved geometry of the biopolymer playing a key role in the creation of a conformon.
Another motivation for re-examining the notion of the conformon is its potential for an explanation of the recently observed long-lived low frequency nonlinear vibrational states in predominantly α−helical proteins. Pump-probe experiments revealed that low frequency nonlinear modes are essential for functionally important conformational transitions in proteins containing α−helices [17] . The lifetime of these states for bacteriorhodopsin can go over 500ps which is intriguing considering the expected dissipation and dephasing timescales for the size of this bio-complex. Other nonlinear mechanisms of energy transport in α−helical proteins within the Davydov's theory of extrinsic anharmonicity of hydrogen bonds coupled to an excitation localized on the lattice fail to exhibit such a long lifetime [9, 12] with the physical parameters of the hydrogen bonds and couplings in the models.
While the Dandoloff-Balakrishnan [10] model provides a possible dynamical underpinning for the conformon, the aim of this paper is to give the underlying microscopic quantum mechanical description. This task is achieved by considering the full structure of the hydrogen bonded network of the α−helix. In reality, α−helices are made up of three strands, each containing periodically placed peptide groups connected by hydrogen bonds. Except for [12] , previous studies simplify the description by assuming an effective single strand of hydrogen bonds thus concentrating on the helical symmetry preserving cases.
In the following section we construct the relevant energy operator. Next, in section 3 we solve the proposed theory. Section 4 discusses the conformon solution and justifies it as a quantum of conformation to be found in α−helical proteins.
The Hamiltonian
We interpret the three-strands of hydrogen chains in α−helical portions of proteins as follows: divide the α−helix into cells with three peptide groups per cell and construct a material plane containing them. As it is well know from Euclidean geometry, three points in space determine a plane containing them uniquely. Thus for modeling purposes the whole secondary structure of the α−helical protein can be considered as a chain of material disks, sort of "cross-sections" (for intuition purposes), connected by a covalent bond (a rigid constraint to be used to fix an existing gauge freedom) and three hydrogen bonds (springs) driven by the Amid I excitations, that is the C = O stretch modes (see Fig.1 ). In this way the relative orientation of two adjacent disks can be quantified and allow for "curvature" modes.
The material disks, with an effective mass M n and inertia tensorÎ n , are enumerated by the index n corresponding to the cell they belong to. We describe the configuration of the α−helical chain as an adapted framed discrete curve [13] Γ consisting of a centerline comprised of N nodes and N − 1 straight edges of length d together with an assignment of material triad frames f n = { b n , n n , t n } T per edge, where T denotes transpositon. Here t n is a unit vector connecting two adjacent vertices. It is the unit normal to each n−th disk. Now, we assign an elastic energy E(Γ) to any conformation of Γ. Note, we assume the α−helix is inextensible, therefore we do not include a stretching energy. It is straightforward to drop this assumption by also including a stretching term. Such a term is going to generate an "acoustic" mode which is not the focus of the present study. The elastic energy is assembled from 3 scalar functions (symmetric strain tensor S n ) that measure strain given the change in the orthonormal frame from edge to edge and is quadratic in the displacements from the equilibrium configuration as measured by the Darboux vector ξ n :
where the Darboux vector gives the evolution of the frame f n as it traverses Γ. In the material frame it is:
where κ g n is the geodesic curvature, κ n n is the normal curvature; τ n is the torsion defined on each edge of Γ. In the continuum limit of N → ∞ and d → 0 one obtains the bending and twisting energies of the inextensible rod [14] .
The computation of the quantities to be found in (2) goes trough a mapping of the material frames f n onto a fixed laboratory frame e = { e x , e y , e z } T and giving their orientation in terms of Euler angles: f n = R n (ψ n , θ n , φ n ) e, where R n , a product of three Euler matrices, denotes consequtive rotations by φ n degrees around the z−axis, by θ n degrees around the x−axis and by ψ n degrees around the z−axis respectively. In this way the transformation of the frame from edge to edge and the discrete analog of the Darboux-Ribaucour equations are given by Here t is normal to the cross-section and its evolution from cross-section to cross-section determines the discrete curve Γ to which we assign conformational energy E(Γ).
where A n = (R n+1 R −1 n −I)/d is the matrix which in the continuous limit, that is N → ∞ and d → 0, must give [15] the geodesic curvature, the normal curvature and torsion as the (A n ) 31 , (A n ) 23 and (A n ) 12 elements of A n respectively. Their discrete analogs are given by the following expressions
The interpretation of the Euler angles is the following: θ n and φ n are the polar and azimuthal angles of t n in the cartesian coordinate system e. The angle ψ n is arbitrary in the sense that it rotates the ( n n , b n ) plane around t n ; this means that t n are mapped onto each other through precession-φ n and tilting-θ n . The differences in the polar and azimuthal angles of t n between two neighboring edges are not associated with the choice of a cartesian system e and are a measure of the bending and twisting of the initial conformation of Γ; ψ n constitutes the gauge freedom in the problem which we fix due to the existence of a covalent constraint to each disk. We set ψ n = const for ∀n and we also fix the strain tensor S n = αI in the basis f n corresponding to an isotropic elastic response to change of conformation of Γ.
We are in a position to write the energy operator for the elastic part of the total hamiltonian making the variables operator valued. Here we choose to define the initial configuration of Γ by setting ξ 0 n = 0 corresponding to the equilibrium configuration of Γ for which the protein is helical. The energy penalty for the deviation from this equilibrium state is measured bŷ
The energy operator for the extra excitation is given in the standard manner
whereB † n andB n are the excitation's creation and annihilation operator for edge n; J is the hopping amplitude kept constant due to the inextensibility condition on Γ. Here, for simplicity, we assume the chain is infinite and do not consider the effect of an excitation entering the chain from either terminus or finite boundary conditions. The interaction term between the excitation and orientational degrees of freedom is deducible from the inextensibility condition on Γ and the local modification of the onedge energy for the curved conformation of Γ in the nearest neighbor approximation, that is
where χ φ and χ θ are coupling constants, small as compared to the conformational energy 2d 2 χ φ /α < 1 and 2d 2 χ θ /α < 1. The total energy operator is a collection of (7), (8) and (9) in addition to a possible kinetic energy term of the formĤ kin = 1 2 n ω t nÎ n ω n (whereÎ n is the moment of inertia tensor of each cross-section and ω n is its angular velocity) which we omit in accordance with the adiabatic approximation. This is justified due to the enormous mass and moment of inertia tensor of the three peptide group cross-sections as compared to the excitation's mass. As a result the excitation's motion adjusts instantaneously to the conformation of Γ, that is for the excitation's dynamics the slow dynamics of conformational change is considered static. We explore the theorŷ
Solving the Theory
Our analysis of (9) will be based upon a product trial wave function |Ψ = |ψ |φ in which |ψ describes a single excitation in Γ as
where |0 ex is the vacuum state of the its oscillators and |φ is a coherent state for the angular displacements, for which the following hold
Here a n (t) is a complex number representing the probability amplitude for finding the excitation in a particular site; θ n and φ n are the average values of the angular displacements of Γ's edges. Next we will minimize the average value ofĤ with respect to the product wave function by calculating H = Ψ|Ĥ |Ψ , where we have to keep in mind the normalization condition n a n a * n = 1. For the averaged energy function in the adiabatic approximation we obtain H = n {E 0 a n a * n − J(a * n a n+1 + a * n a n−1 ) + (12)
Next we find the corresponding Hamilton's equations i ∂a n ∂t = (E 0 + W + Υ n ) a n − J(a n+1 + a n−1 ),
where Υ n = χ φ (φ n+1 − φ n ) + χ θ (θ n+1 − θ n ) and the total conformational energy is
The other two Hamilton's equations for φ n and θ n constitute the static (since we are in the adiabatic approximation) configuration of Γ :
From here it follows that one possible solution is
with Υ n = −υ |a n | 2 and υ = 
simplifies the equation for the excitation's amplitude to be found on the n−th edge
which is the discrete nonlinear Schrödinger equation (DNLS) [16] . An approximate for J/υ 1 stationary (consistent with the adiabatic approximation) soliton-like solution centered at n = n 0 has the squared amplitude
Together with (17) we have the estimate
Now we turn to the corresponding conformation of Γ. The total curvature at each
and the torsion having fixed the gauge freedom τ n = cos θ n (φ n+1 − φ n )/d. Taking into account (21) we may approximate cos θ n ≈ 1 and sin 2 θ n ≈ 0 only to arrive at an approximate expression for the conformation of Γ in terms of the excitation's presence:
where |q n | 2 is given by (20).
Discussion and Conclusions
Equations (20) and (22) reveal the conformon's inner mechanism of energy and coherence flow into and out of the conformational degrees of freedom. This interplay leads to the localization of conformational change in accordance with the energy density of a solitary wave. Vibrational energy that is localized on the helix acts through a curvature and torsion coupling effect to distort the structure of the helix then the helical distortion reacts again through the curvature and torsion couplings to trap the oscillation energy and prevent dispersion. This is the self-localization or self-trapping mechanism behind the conformon's existence. Even more intriguing in expression (22) is the observation that the curvature and torsion of the discrete space curve Γ used to model the α−helix are related to the squared amplitude of the extra quantum of excitation. In a way, the conformation of the α−helix itself is quantized. This justifies the conformon's perception as a quantum of conformation.
In this paper we have investigated the role of excitation-conformation interaction on the formation of solitary wave packets of conformational energy in α−helical proteins. The results obtained here are valid at zero temperature. However, the physical meaning of (20) and (22) is experimentally relevant. Pump-probe experiments revealed that low frequency nonlinear modes are essential for functionally important conformational transitions in proteins containing α−helices [17] . The characteristic lifetime of these states is 15ps (although for the vision-relevant bacteriorhodopsin can go over 500ps).
The same experiments also revealed that amino acids and predominantly β−sheet proteins do not have such long-lived states. The proposed model already makes the qualitative distinction between sections of the secondary structure of proteins due to the full use of the geometry of the hydrogen bonds' network in α−helices. Qualitatively the model's viability would be decided upon determination of the physical constants which remains an open problem. Other nonlinear mechanisms of energy transport in α−helical proteins fail to exhibit such a long lifetime [9, 12] . Thus the conformon proposed here might have the answer for the mechanism of direct coherent flow of conformational energy for a variety of vital biological processes ranging from electron transfer [18] to enzyme action [19] .
